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l. INTRODUCTION 

The H-function as introduced by Fox [1] has been generalized and studied by 
many mathematicians notably Munot and Kalla [ª], Gupta [•] and Saxena [11]. The 
generalized H-function of two variables includes, as special cases, a single H-func
tion, product of two H-functions of single variable and most of the known functions 
of one or two variables. ( eg.Mei jer's G-function and Macrobert's E-function, etc.) 
This function plays an important role ni Mathematics and can be applied in Physics 
and Statistics. The object of this paper is to evaluate certain finite integrals involving 
the product of H-function of two variables and the hypergeometric function. An 
attempt has been made to unify certain results in the theory of Agarwal's G-function 
of two variables [1]. Some particular cases have also been pointed out. 

2. DEFINITION OF A GENERALIZED H-FUNCTION 

In the notation of Saxena {11] the generalized H-function of two variables can 
be defined in terms of double Mellin-Bames integral as follows 

(2.1) 
x l,( n,q), *,( m,11) 

H[] = H 
,, E,(A,C) ,F,(B,D) 

1111 1111 

X [e:p, 0] 

[a,a] : [c,y] 

ff :a, 'I'] 
[b,,8], [ d,B] 

= - 1- f f X1(~)X2('l)Xa(~,'1)x-4; y-11 ~d.,, 
(2,ri)2 

(S)-llll -1111 ,t 1 ,J,Ú ,i> d) / t:f' /) () 
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where 

.. • 
11 r(b1 + ~1) 11 r(l-a¡-~a¡) 
/-1 /-1 

X1(U = 
B A 

11 r(t - b1 - ~;) 11 r(a¡ + ;a¡) 
/-m+1 /-Ml 

p q 

11 r(d1 + 718,) 11 r(t-c,-,r,) 
/-1 /-1 

X2(71) = 
D e 

11 r( 1 - d1 - ,a,) 11 r(C¡ + 71y¡) 
/-p+l /-q+l 

' 11 r(e¡ - ;p¡- ,0 ¡) 
/-1 

Xa(~71) = 
B p 

11 r(t -e,+~,+ ,0,) 11 r(f, - ;cr,- 71'1'¡) 
/-1+1 /-1 

and the empty product is interpreted as unity. The following assumptions are made 

(i) O ~ n ~ A, 1 ~ m ~ B, O ~ q ~ C, 1 ~ p ~ D, O S l ~ E 

(ii) l,m,n,p,q and A,B,C,D,E,F are non negative integers. 

(iii) The parameters a's, b's, ,'s, d's, e's and f's are complex numbers where as 

«s, fJ's, -,'s, B's, 0's and 'l''s are real and positive. 

(iv) All the poles of the integrand in (2.1) are simple. 

(v) The sequence of parameters (aA), (aA), (bs}, (Ps); are such that none of 
the poles of the integrand coincide. 

(vi) The path of integration is intended, if necessary, in such a manner that 
ali the poles of r(b¡ + te,) for j = 1, ... m, r(d, + ,a,) for j = 1 ... p and 
r(e1- ;p¡ - '101) for j = 1 ... l, lie to the left and those of r(l -a¡- ~a¡) for 
j = l ... m and r( 1 - c1 - '9y¡) for j = 1 ... q lie to the right of the ~ry 
axis. 
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(vil) The integral converges if 

B B 1' A 

E 0 ¡ + E P1 - E '1'1 - E a¡ :S O 
(2.2) 

B D l' C. 

E 0 ¡ + E 8¡ - E \JI¡ - E Yt :S O 

where 

m B n A I B P 

A-1 = E P1 - E P; + E a¡- E + E 0 ¡- E 0 ¡ - E 'l'¡ > O 
1 ffl+l H+l"/ l J,t-1 1 

(2.3) 
p D q C I B l' 

~= E 8¡-E81+ Ey¡-Ey¡+ E0¡-E01-E'l'1>0 
M ~ 1 ~ 1 ~ 1 

Here as well as in what follows it is supposed that there are A of the para
meters A and B of the parameters b and {J etc. Thus [a,a] is taken to take to denote 
the sequence of A pairs of parameters 

and similar interpretations for {b, p], [e :p, 0) etc. For the sake of brevity the pair 
of pa.rameters like a + P, a-/3 will be written as a ± P and the symbol 41 ( k, a) 
is taken to denote the set of k-parameters 

a a+ 1 a+ k-1 
-¡;--k-, ... ' k 

We recall here that origin is the singularity of H{x]. The behaviour of H {] 
y y 

in the neighbourhood of x = y = O is given by 

X 
lI [ ] = O lxl " IYI " 

)' 

where µ. = min (~) and v = min (d1) fori = 1, ... , m,j = 1 ... p. 
P, di 
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Special cases of (2.1) are given below. 

(2.4) 

(2.5) 

8 0, (n,q), *, (m,p) 

O, (A, C), O, (B,D) 

m,n r 
==H A,B L [a,a] l 

fb,fl~ 

8 z, (n, q), *, (m, p) 
E, (A, C), F, (B, D) 

= o'· (n, q)' *, (m, p) 
- E, (A,C),F, (B,D) 

[

X •• - •• J [a, a1 [e, y] 

1 [b, p]: [d, B] 

Hp, q !y [e, 'Yn 
C,D [ {d, 8~ 

[

X (e:1,1) J 
(a, 1) (e, 1) 

(f:1,1) 
?' (b, 1) (d, 1) 

~ (e) J (a) (e) 
'Y (f) 

(b) (d) 

In equation (2.4) H'"• n [x 1 [a, a]]] denotes the H-function of Fox {5] and in 
P, q [b, fl 

(2.5) the right hand side is the well known Agarwal's G-function of two variables 
and may be denoted by G [;] . 

3. FINITE INTEGRA.U: 

(3.1) / x11-1. (t-x)v-i,F. [(u,) 
( v.) 

J [ .\1 '°1] yx (t-x) 

Px8 H z/2 (t-x) '°2 dx 

oo ( U1) / • • • ( "·) / ( Pt8 ) j = t"+V-1 l: ------
j'"O (v1)¡ ... (v.)J j! 

.\1 + '°1 [e: P, 0], (g1'°1,G12), (gz: .\1,.\2) 
yt 

* 8 z + 2, ( n, q), *, ( m, p) 

E+ 2, (A,C),F + 1, (B + D) 
[e, al ; re, 'Yl 

.\2 + '°2 [/, u, '1'], (h : .\1 + '°1, A2 + ~) 
zt 

[b, P]; [d, 81 
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where /!1=V,/!2=p.+j8,rss,R(p.) >0,R(v) >0 

. b, . d( 
R{p. + .\1mm (-) + .\2 mm(-)] 

fJ, Bl 

> O for i = 1, .... , m, i = 1,. , .. , p 

. b, . dl 
R {v + "'i mm(-) + "'2 mm(-)] 

fJ, Bl 

> O fori = 1, .... , m, i = 1, .... , /J 

and (2.2.) holds 

(3.2) I x"""1 (t-x) v-1 ,F. 

00 ( U1) ¡ ••• ( Ur) ¡ pi t<el+e'I)/ 
55 ,11....,..1 J: -----

,-,, ( V1) ¡ • •• ( V6 ) ¡ j/ 

yt 

8 1 + 2, (n, q), *, (m,p) 

X E + 2, (A, C), F + 1, (B,'D) 
[a, a) ; {e, Yl 

"'2 + "'2 [/ : a, 'I'], ( h; .\1 + '"'i, .\2 + "'ª 
zt 

(b; fl];{d, 8) 

where g1 =µ. + j9i, gz = v + j92, h = µ. + v + j (91 + 92) rS s,R(µ.) >0,R(v) >O 

b, d/ 
R{µ+.\1min-+A2min-] >Ofori= 1, .... ,m;i'= 1, .... /J. 

ll, Bl 

b, d( 
R[v + "'1 min - + "'2 min -] > O for i = 1, .... , m; i' = 1, ... , IJ. 

/3, Bl 
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and (2.2) holds. 01 and 62 being positive integers (either 61 are 62 may be 
zero). 

(3.3) 

1T 21-21' (V) 

X 8 1 + 2, (n, q), *, (m,p) 

E+ 2,fA,C],F + 2, (B,D) 

I e : P, 0 J, (ti : .\1, A<:) (g2 : .\1, A<:) 
ía, al : Í e, Yl 

U : a, '1'], (h1 : .\1, .\2), (h2 : .\1, .\2) 

[b, ,8] : [d, 8] 

u-v+l u+v 
where g1 = µ., g'2 = v + 1, h1 =p.+----, h2 = µ.---,R (µ.} > O, 

2 2 

. b, . d¡ . . - . 
R [ ( µ. - v + 1) > O, R {µ. - v + .\1 min - + A<: mm - ] > O fora = 1, ... , m, J = 1, ... fJ 

{J, 8¡ 

b, dl 
R {p. + .\1 min - + A<: min -] > O for i = 1, ... , and (2.2) holds. 

,81 8/ 

(3.4) 1 u,v ] t+;+l t 

r u+v+l 

7T 2 
==---

u + 1 V + 1 
22µ.- l r r 

2 2 

*H 
l + 2, ( n, q), '*, ( m, p) 2 

X 

2.\1 

E+ 2, (A,C),F + 2, (B,D) y 

2.A.2 
2 

H G .\1 .\1] xt (t-x) 
~2 ~2 dt 

yt (t-y) 

fe: p, 01, (R, : .\,, ..\.,,), (J!2: .\1, .\z) 

[a, a] : [e, y] 

{f,a, 'I'], (h-i: A1Ao:), (h2: .\1,A?.) 

[b, ,8] : [d, 8] 
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1-u-v 1-u 1-v 
whereg1. = µ.,gi = ---- + µ., h1 = -- + µ., h'2 = -- + µ.,R(u) > O 

2 2 2 

R ( u + v + 1) > O, R {p. + A1 min ~ + .\.¿ min d¡] > O for i = 1, ... , m, j = 
fJ, 8¡ 

= 1, ... , p and (2.2) holds 

(3.5) 

* H fx Sin,. 0 e,,.8 ] 

~ Sin"' 0 elw8 d8 

• 
i-µ. 

2 

=e r(µ.} 

* 8 1 + 2, (n,q), *, tm,p) 
E+ 2, (A, C) F + 2, (B, D) 

• 1-). 
2 

fu,v l Lv ci9 Cos 0 J 

xe íe: p, 01, (!!1: A,111), (!!2: y,111) 
[a,«] : [e, y] 

• ¡_.., 
2 

[/: q, 'I'], (h1: A,(I)) (/12: y,(I)) 
[b, fJ], [d. 8] 

whereg1 = µ.,g2 = µ. + v-u-v,h1 = µ. + v-u,h'2 = µ. + v-v,R (µ.)>O, 
. b, . d¡ 

R ( v) > O R [µ. + v - u - v] > O, R [µ. + A mm (-) + 111 mm (-)] > O for 
/J¡ 8¡ 

i = 1, ... , m, j = 1, ... , /J and (2.2) holds. 

,}to - .,,, Sin 0 J 

11: 

== e i-µ r (µ.) 
2 
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[ . l + 2, (n,q), *, (m,p) xel->. 
* 8 2 

E+ 2, (.A,C) F + 2, (B,D) ye'-;w 

íe : P, 01, (1!1 : .\, o,), (R2 : .\, 111)] 
[a, a:] : {e, y] 
[/ : a, 'P], (h1 : .\, fll), (h2 : .\, 111) 
[b, 111 : íd, 31 

whereg1 =v,g2 =µ+v-u-v,h1 = µ.+v-u, h'2 = µ+v-v; R(µ.) >O 

b, d¡ 
R (v) > O,R (µ + v-u- v) > O, R{v + .\min (-) + o,min (-)]>O 

p, B¡ 

for i = l, ... , m, j = 1, ... , p and (2.2) holds. 

(3.7) 
w/a [x ( Cos 0) 2>. J d,.,. 
.{ Cos 2µ 0 ( Cos 0) zv-,2 H ,., 

y(Cos0) 1112 

X [ e : p, 0 ], ( 2v - 1; 2.\, 2•) 

==-'lr-H l + 1, (n, q), * (m,p) 22111 (a, a:]; [e, y] 
2211-1 E + 1, (A, C), F + 2, (B, D) )' rt ! a 'Pl, ( V + µ.; .\, fll) 

22>. fb, Pl;íd, 81 

1 
where ,\ and "' are positive integers, R ( v) > - , 

2 
b, d¡ 

R{ v + ,\ min (-) + "' min (-)] > - for i = 1, ... , m, j = 1, ... , p and ( 2.2) 
/3¡ 8¡ 

and (2.2) holds. 

(3.8) I (Sin 0 )"-1 e-"'9 H [x (Sin 0 )•>.] d0 
y(Sin 0) 2"' 

l+ 1,(n,q),*,(m,p) ,., 
E+ 1, (A, C),F + 2, (B,D) 

where ,\ and "' are positive integers, R (µ.) > O, 

X 

" 

[e : p, 0], (µ; 2.\, 2"') 

[a, a:]; [e, y) 

[f; a, '{f],(µ."+ i V + 1 j .\, 111) 

íb, ,Bl, { d, 81 

b, d¡ 
R[µ+2.\ min(-) +2min(-)]>Ofori= 1, ... m,j= 1, ... ,p 

/31 8¡ 
and 2.2) holds. 
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Proof of Result 3.1. Consider the integral 

(3.9) 

[
'.}IX).1. (t-x)"'1] 

On expressing H in terms of double contour integral by 
zx>."t ( t - ») "''2 

( 2.1) and then interchanging the order of integration, we obtain 

1 iJoo ir 
I = (2 ,r i)i'l -i 00 _¡./,, X1. (~) x'2 ( '1) x8 (~, '1) ,,-~ z-11 

Lu,) 

,Fs 
Vs) 

On evaluatin~ the inner integral with the help of the result(ª• H>, p. 104] 
and expressing the generalized hypergeometric function in terms of its equivalent 
seriesfª· 1' 1• p. 731 and using the modified forro of Guass multiplication theo
remfR, p. 241 

/e 

(a)nk = k""TI 
i•1 

r a+ i-l 
n 

k 

we obtain 

(3.11) 
1 ¡ . 

I = t11+v-i __ ,_, ',1'x (t) X (,¡) X (t ,¡) 
(2,ri):ii-1-L-i~· 1 ., '2 '8 .,, 

* 

* 
r ( p. - A1 ~ - As '7) r ( V - (1)1 ~ - 11'2 '7) 

I'[p. + v-(,\1 + (l)i) ~-("'2 + (1)2) ,¡] 

00 ( U1) / ••• (U,)¡ 
I:----
j-o (vi)¡ ... (v,); (p.+ v- (.\-i.,+ (I)¡) ~- ("'2 + 11'2) ,¡)¡,1; 

(P tl')l 
•---

j! 
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On interchanging the order of integration and summation in (3.11) and 
interpreting the result thus obtained with the help of (2.1) the result follows. 

Regarding the interchange of the order of integration in (3.9) it is observed 
that the double integral converges if (2.2) holds, the x-integral converges of 
R ( µ.) > O, R ( v) > O and the repeated integral converges if 

b¡ d/ 
R [µ. + .\1 min (-) + ,\2 min (--)]>O and 

{3; 8/ 

b· . d/ 
R[v+1111min(_'._) +..\..imin(-)] >Ofori= 1, ... ,mandi= 1, ... ,p. 

{3¡ 8/ 

Hence the interchange of order of integration is justified by de la Vallee Pansin 
theorem f2, p. 5041. 

Since r :S s, the series in (3.11) is absolutely convergent and the term by inte
gration is permissible by virtue of theorem B of Bromwich (2, p. 506]. 

The results (3.2) to (3.8) can be proved in the same way on applying the 
results [10,(5), p. 104], [6,(3.1.22), (3.1.23), (3.1.18) and (3.1.19)], {7, Ex 95, p. 
304] and f9, p. 159]. 
4. Particular Cases. It is easy to verify that by a suitable choice of constants and 
parameters the results (3.1}, (3.2), (3.7) and (3.8) reduces to the result obtained 
by Goyal [3, (2,1) and (2.2)] and Srivastava {12, (2.1) and (2.2)] respectively. 

In general on using the properties (2.4) and (2.5) of H-function in the result 
(3.1) to (3.8) and assigning particular values to ,\ and III we can evaluate many 
integrals involving Agarwal G-function of two variables or product of two H-func
tions of single variables. 
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