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INTRODUCTION 

On a generalization of Laplace 
transform 

Ram Nath * 
(Recieved:June 1974) 

The aim of this note is to generalize the classical Laplace Transform and its 
inversion formula in a new manner. Recently the generalization of well known La
place Transform 

"' 

<l>(p) = p 1 e-P"'f(x) dx (1.1) 

o 

has been given by Gupta [4] in the form 

"' 
<J>(p) = {l r (px)P- 1 Eµ(apx) Hk,;k, [z(px)"II {(ak.,ek.)}J f(x) dx, J k,.k, { ( b,.,,~d) 

o 
( 1.2) 

where Eµ ( x) is exponential function defined by Busbridge [1] and 

Hm,n [x 1 { (ap, ap)} J 
p,q { ( bq, aq)} 

is H-function defined by Fox C.[3] { (av, ap)} denotes the set of parameters 
(a1 , a 1 ), .•• , (ap, ap). We puta new generalization of (1.2) in the form 

·X· 

{(ar,)} J X 

{(bt,)} 

X rC [ ,(px)• 
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( 1.3) 

{(e,.,, Er,)} J 
f (x) dx 

{Ut,,Tt,)} 
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·X· 

where { (ar) } denotes the set of parameters a1, a2., ... , a,. and 

G" [ X J { (ar) } ] 

p,q 1 { ( bq)} 

is G-function defined by Meijer.[2] 

The transform ( 1.3) exists under the following set of conditions 

a>O, z>O, a>O, O~m1~t1, O~r1~t1, 

n2 r2 m3 t2 

l: E;- l: E;+l:T;- l: T;==r¡>O 
l=l i=l+n2 i=l i=l+m0 

r( = m1 - ~ - ~ > O, 1 arg ap 1 < Ilr¡' 
2 2 

largzpu¡ <Ilr¡ ,xp•p,+p,-'f(x) E L(O,R) 
2 

Pt = min (bi), i = 1, 2, ... , m 1 

Pi= min (a!),h = 1,2, ... ,~ 

PARTICULAR CASES: 

Taking r 1 = 1, m1 ,= t1 = 2, ( 1.3) reduces to ( 1.2) . Further if we put p = 2, 
µ. = k1 = O = k4, k2 = ks ·= 1 = ek1 ·= !k,, aka = bk1 ·= O a + z = 1 · it reduces to 
(1.1). 

We shall use the following result of Kalia 5 for finding the inversión of the 
transform ( 1.3) 

r tP-lG[st {(cr)}] H [zt" {(a,,,ap)}]·dx= J r,i {(dz)} p,q {(bq,l3q)} 
o 

m+f,k+n 

~ s-P H 
p+l,q+r 

! ( a~1,an+1) , ... , ( a,,,ap) , [ 

{ (a,.,a,.) }, { (1 - d1 - p,u) }, l 
S {(bm,m)}, {(1-cr-p,a)}, 

( bm+1,~m+1) ,. • ., ( bq,~q). 

( 1.4) 
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provided 

(i) R (P + cr !: + d,) >0, (h = 1,2, ... ,m), (i = 1,2, .. . ,k), a>O 

(ii) R(p + (e; - 1) + cr( ªh' - 1 )) >0, (j = 1,2, .. . ,!) , (h' = 1,2, ... ,n) 
ªh' 

n p m q 

(iii) ~ a; - ~ a;+~~; - ~ ~;==1..>0, 2k + 2f- l - r=µ>O 
i=l i=n+l i=l i=l+m 

, II1.. µII 
Jarg z¡ < 2 , Jarg si < - 2-

The following theorem will give the inversion of the transfonn ( 1.3) . 

THEOREM: If 

{(e..., E..,,)}, {(1 -· bt, - Q + s,cr)}, 

( en,,+1, E n,,+1), ... , ( er,, E r,) Hm2,n,+ml 

H ( s) = a•-p-i r +t t +r 
2 ::.' 2 1 

z 

(l(J {(f...., T.,..)}, {(1 - ar, - Q + s, cr) }, 

(f m~1, T m,+1), ••• , (f t,, T t,,) 

.,. 

then f(x) = Jh(px) cf,(p) dp 
o 

( 1.5) 

( 1.6) 

where cf,(p) is given by (1.3) provided lh(x) 1 exists and (1.6) is absolutely conver
gent, P-" cf,(p) EL (O, oo), x"-1 f(x) EL (O, oo), R (Q1 + Q2 + Q)>u. 

PRooF: Substituting the value of cf, (p) from ( 1.2) we get 

J
00

p-•c¡,(p) dp = J"'p-• { aJ
00

(px)-P 1 G"',•º [apx 1 {(ar,)}] 
r1.t1 { ( bt,)} 

o o o 
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Due to absolute convergence of the integrals involved we have on inversion of the 
integrals and simple substitution 

~ ~ 

) p-• q,(p) dp = a J x•-1 /(x) dx 
o o 

r -8-1 "',·º [ 1 {(ar,)}] 
)vP G av {(bt,}) 

0 1"1,t, 

Evaluating the v integral with the help of ( 1.5) we have 

i p·• q,(p) dp = H (s) I x•·1 dx 
o o 

Applying the Mellin's lnversion formula, we get the result (1.6). 
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