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ABSTRACT 
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Ori the H-function transform - ;: ~ 
of two. variables 11 

R. U. Verma * 
(Recieved, december 1973) 

The present study deals with elaborate proof of the Uniqueness theorem for ge
neralised H-function transform of two variables recently introduced by the author. 
A lemma is also established in support of the theorem. Later another more theorem 
has been proved and its various special cases are discussed. The results thus obtain
ed seem to non-existent in the literature. 

l. INTRODUCTION 

In my recent work on integral transforms [5] (in press), an integral transform 
involving the H-function of two variables is defined. This transform [5] is a gene
ralisation of the transform introduced by Gupta and Mittal [2], and is expressed by 
the integral equation: 
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where the H-function of two variables, introduced by Verma [4] is given as 
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The following notations will be used throughout the present paper: 

(a;+ b,a;)m,n, (n > m) will represent n - m + 1 pairs 

(am + b,am,), (am+1 + b,am+1), ... , (a,.+ b,a,.). 

Thus, (a.,a,)i,n will stand for n pairs (a1,a1), ... , (an,a,.). Also, for (a,),, we 
shall denote by (a,,) which will represent ai, ... , a,,. 
The following results of the author{4-5] will be required in the proofs of the theorems. 

( 1.2) 

(ap) 

l •,•,,•,,•,,•, [ X (y,); (Yt~) 
= P,(t';-;1), s, (V:Vl) y (fJp) 

(b¡,); (b1 v,) 

where the functions on the right of ( 1.2) is the G-function of two variables.1 
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Ga,/J [ x 1 (ay) J = {(23t) (1-s) (a+~-.1'.-~)} X 
-y,6 ( b6) 2 2 
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where Ll(a,s) denotes a/s, (a+J)/s, .. . , (a+s-1)/s. 
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2. THEOREMS 

W e now prove the following lemma in support of the uniqueness theorem for 
the transform given by ( l. 1 ) . 

LEMMA. If, 

(2.1) 
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then 

(2.2) 

provided that f(t,t1) is continuous in t,ti ;;;i, O, f(t,ti) = O (t, ti) for t,t1 small, 

n p m1 V 111 t 

A=~(a¡)--:-~ (a¡)+~(~1)-~ (~1)+~(r¡)-~ (r1) >0; 
1 n+l 1 m 1+1 1 v1+1 

n p m2 vi v• t• 
B= ~(a¡)-~ (a¡)+~(~~)-~ (~~)+l:(r~)-~(r}) >0; 

1 n+l 1 m,+1 1 tP+1 

R (p+a+b1l~;+l)>O,j= l, ... ,m1; R (p1+a1 +b:IM+l)>O,j= l, ... ,m2; 

1 argsl<½A:rr, 1 args1l<½B:rr; 

R (bi/~i + (1- b¡) /~¡) >O, (j=m1 + 1, ... , v; i= 1, ... , m1); 

R (b!/M+ (1-b}) /M) >O, (j= ~ + 1, ... , y,; i= 1, ... , m2); 

R ( ( ai -1) la;, -a1la1) <O, ( i = 1, ... , n, j = n + 1, ... , p) ; 

R (y;,/ri-(l-y1)/r¡)<O, (i=l, ... ,v1;j=v1+l, ... ,t); 

R (y1/r~ - ( 1 - y}) /r}) <0, (i = 1, ... , v2 ; j = v2 + 1, ... , t 1 ). 

FRooF. Multiplying (2.1) by 

R1 = (o,N), (1/c,N), ... , ( (c-1)/c,N); Rs = (l-b,-r¡1~;,,~i)m,+1,v; 
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and integrating with respect to s and s1 between the limits O to oo, we get 

J X 

(a¡,ai) 1,P 

(y¡,r¡) i,t; (ytr!) 1,t1 

(bi,~ih,v; (bf,~¡) 1,v• 

(2.3) 

where the parameters of one of the H-function is shown as in (A) . 
On interchanging the order of integration in (2.3), which is justified due to abso
lute convergence of the integrals Pnc!et the conditions imposed, and evaluating the 
s and s1-integral, we get 
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Now the H-function of two variables in (2.4) reduces to a product of Meijer's G
functions, by applying (1.2), (1.7) and (1.5), its value being equal to 
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The expression (B) can be reduced with the help of ( 1.4) t<> the following expres
sion: 

(C) 

J 1 

Hence (2.4) reduces to the form 

"' ... 
J J e11-niti1''-11•f(t,ti) exp (-zr1 fNc-z1t1- 1 fN,c,) dtdt1 = O (2.5) 
o o 

or 

... "' 

J J e-<11-n,)Nc-Nc-1 e1-(p'-n2)N1 c1-N1 c1-1 f(t-Nc, e1-N,c,) X exp (-zt -z1t1 ) dt dt1 = O. 

o o 

(2.5) 1 

In the light of Lerch's THEOREM [ª], we get 

(2.6) 

Now from (2.6) it follows that f (t,t1 ) = O. 

The Uniqueness Theorem. 

(2.7) 
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(2.8) 
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PRooF. From (2.7), we get 

Hence, by above lemma, we obtain 

or 

3. In this section we shall establish a theorem relating to the transform ( 1.1) 
and the following transform ( a special case of ( 1.1 ) ) : 
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where D1 = J - C1 - d1, •• • , 1 - Cr - dr; D 2 .= 1 - e~ - d~, ... , 1 - e~, - d~,; 

C1 = d1, •.• , dr; C2 = d~, ... , d~,. 

THEOREM.If 
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where 

provided that 

h(x,y) =O (x"y"1 ), for x,y small, 

R(s) >O, R(Si) >0, A-a>O, B-a1 >0, 

A1 
A.2,A3 ;A4,A5 

A6,A1,Aa ;Au,A10,A11 

fl. J) m1 V V1 

l 

(whereA = l:(a;)-l: (a;)+l:(~,)-l: (~;)+l:(r¡)-l: (r,)>O; 
1 n+t 1 m1+1 1 v1+1 

n 1' mi vi V2 1 tt 1 

B= l:(a1)-l: (a,)+l:(~;)-l: (~})+l:(r;)-l: (r;)>O, 
1 n+l 1 m:!+t 1 v2+t 

A1 = (a,,a,) i,p; 

As= (cr-tcr); 

1 -Au = (p -11,01), 

i = J, ... , m 2 and the G-function transform of 

F(tx,t1y) h(x,y) dx dy, exists. 

o o 

PRooF. As, 

"' "' 

SS¡ J J 
o o 

(3.4) 
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we have 

(3.5) 
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N ow substituting the value of H [""~u \ : : :J from ( 3.6) in ( 3.5) , changing the 
Y81 1 

1 ••• 

order of integration therein ( which is justified on account of the absolute conver
gence of the integrals involved under the conditions stated) and finally applying 
( 3.1) , one can obtain the result. 

The integral transforms involved in this theorem are general in nature. A num
ber of theorems relating the Laplace transform, Hankel transform and its various 
generalisaticins, follow as special cases of this theorem. The integral transform ( 1.1) 
includes the generalised transform due to Bhise, Meijer, Varma, etc., as special ca
ses as indicated by Bhise [6]. 

By taking n = O, p = O in (3.2) and (3.4), using (1.6) in (3.2) and in (3.4), 
and finally using ( 1. 7) in ( 3.1) , this theorem reduces to a generalisation of the 
theorems established by Gupta and Mittal.[2] Thus, in turn the results may prove 
of general interest. Since a large variety of functions that occur frequently in prob
lems of analysis and mathematical physics are only specialised or Iimiting forms of 
the kernel used in the present transform, our findings may be of great importance. 
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