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Mathematical Modelling of Human Motivation: A Vector
Hypothesis
Modelación matemática de la motivación humana: una hipótesis vectorial
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ABSTRACT. The present article gives a list of axioms needed for building up a mathematicaltheory of human motivation. A mathematical model of labour motivation is proposed. Motivationis represented as a resulting vector of partial motivation generated by specific groups of needs.Vroom’s model is included in the proposed model as instant motivation. Theoretical correlationsbetween the quantity of funds dedicated to motivate employees and the intensity of motivationfactors and between the level of motivation and the level of productivity are proposed.
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RESUMEN. Este artículo presenta un conjunto de axiomas necesarios para construir unateoría matemática sobre la motivación humana. Se propone un modelo matemático de moti-vación del trabajo. La motivación es representada como un vector resultante de la motivaciónparcial generada por grupos específicos de necesidades. En el modelo propuesto se incluyeel modelo de Vroom como motivación instantánea. Se proponen las correlaciones teóricasentre la cantidad de recursos dedicados para motivar a los empleados y la intensidad de losfactores de motivación y entre el nivel de motivación y el nivel de productividad.
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INTRODUCTION
Effective control of an economical phenomenonrequires a mathematical model able to provide areliable qualitative description of this phenomenon andto ensure quantitative forecasts of its characteristics.Our understanding of the nature of human motivationdid gradually improve over the years (we have nowmany more or less consistent theories giving adequatedescriptions of motivation processes), but a goodmathematical model of work motivation is notavailable. Actually the only example of mathematicalapproach towards this problem is Victor Vroom’smodel [Vroom 1995], but it is rather qualitative thanmathematical in the proper meaning of this word, asit limits itself to only one formula:
                                     M = RBWwhere

M – motivation;
R – employee’s expectations that his/herefforts will lead to necessary results;
B – expectations that the results will lead tothe expected remuneration;
W– expected value of the remuneration.

All other theories existing in this field: Maslow’shierarchy of needs [Maslow 1970], Herzberg’s two-factors theory [Herzberg, Mausner, Snyderman 1959],McClelland model [McClelland 1961] – do not offerany quantitative methods for modeling motivation, theyexplore the psychological aspect of motivation but donot use mathematics at all.
It is obvious that absence of mathematical tools inthis field of human resources management isabsolutely unacceptable nowadays and I will try to fillin this gap in the present paper.

DEFINITIONS AND AXIOMS
First of all, it is necessary to give a clear and precisedefinition of motivation. Motivation of a human beingis a temporal and dynamic psychological state thatdetermines his/her involvement in an action[Motivation 7; Motivation 8]. Motivation is sometimesreferred to as process [Motivation 8] thus leading toconfusion between 2 aspects of this concept:motivation as the psychological state of a person whois doing something and motivation as a process ofencouraging a person to do something (the latter isbetter referred to as motivating). Motivation will beconsidered in this article as a state.A thorough analysis of motivation theories shows that

all of them contain – either explicitly or, more often,implicitly – a set of basic rules (hereinafter referred toas axioms; some of these axioms have beenformulated earlier, some should be reformulated fromimplicit indications, some are given here for the firsttime – I will indicate it below for each axiom). It islogical to use these axioms as a basis for amathematical theory of work motivation (I omit thedetailed overview of motivation theories in order tospare time; a good description from the management’spoint of view can be found in [Mescon, Albert, Khedouri1992]; psychological overview is given in [Il’jin 2000]).These axioms are the following (it is worth mentioningthat the complete set of axioms is given for the firsttime; none of existing theories of human motivationoperates with this list, they just use – explicitly orimplicitly – some of them):
1.    Human beings have needs that they want to        satisfy. It’s a common place in most psychological       and marketing theories.2.    Human motivation (understood as a person’s        state that defines degree and orientation of activityof a person in a given situation) is determined byhuman needs. All content theories of humanmotivation include this stipulation as  a basichypothesis, while process theories include itimplicitly (see above, for example, for Vroom’smodel: motivation depends on the value of theremuneration, but value of a good is a function ofits utility, that is, of its capacity to satisfy humanneeds).It is easy to conclude for the axioms 1 and 2 thatthe satisfied needs have no influence on humanmotivation. It is very important to remember thatneeds that are not actually satisfied, but whosesatisfaction is perceived by a person asguaranteed (in other words, needs whosesatisfaction is seen by a person as guaranteed toa such degree that he or she perceives them assatisfied, despite the fact that they actually arenot) do not have influence on human motivationeither. For example, in economically developedcountries (like EU), needs belonging to lowerlevels of Maslow’s pyramid generally have noinfluence on human motivation [Mescon, Albert,Khedouri 1992] because of people’s confidencein their present and future situation thanks torelatively high salaries, good social securitysystems and powerful trade unions. However, anyof these low-level needs in any moment may beactually unsatisfied.3.     Human needs can be divided into separate moreor less homogenous groups, each one of these
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groups contributing to the general motivation(generating a partial motivation). I will refer tothese groups of needs as to motivation factors.An indication to this axiom first appeared incontent theories with their divisions of needs;however, to the best of my knowledge, neitherthis axiom, nor the concept of partial motivationhave not been proposed before.4.  In general, the number of groups of needsinfluencing a person’s behaviour in the moment tis superior to 0. Mathematically it can beexpressed as follows: if N is the number ofseparate groups of needs, N>0, and if n is thenumber of groups of needs determining anindividual’s behaviour in the moment t, then.
                               0 < n    N

This axiom has not been formulated explicitlybefore, however some hints can be found in theliterature.The axiom 4 leads us to the conclusion that thegeneral (total) motivation is equal to 0 in only onecase: when all partial motivations are equal to 0,or, in other words, if one or several (k, k<n) partialmotivations are equal to 0, the total motivationwill nevertheless be different from 0. Mathematicalcorollary to this conclusion is that we cannotcalculate total motivation multiplying partialmotivations.5.   Every group of needs can be described by twocharacteristics – intensity and importance.Intensity is the quantity of goods required to satisfythis need. Importance is the priority of a certaingroup of needs over other groups. Thesecharacteristics can be expressed in quantitativefrom, and. Therefore, it is possible to build up aquantitative theory of motivation. The concept ofimportance dates back to Maslow’s hierarchy ofneeds and it is clear that the concept of needincludes the concept of intensity; however, thisstatement has not been made explicitly before.6.     The general motivation directly depends on groupsof needs (motivation factors) – that is, if theintensity and/or the importance of a given groupof needs is growing, the overall motivation willgrow too. This axiom is proposed here for the firsttime.7.     Groups of needs are independent from each other,in other words, there is generally no correlationbetween changes of importance/intensity ofdifferent groups of needs. This statement isimplicitly made in content theories. It means thatthe overall motivation of a person can be

described by an additive function.The axiom 7 also means that each group of needscan be satisfied by specific goods, typical for thisgroup only. It means that goods (material, non-material or abstract) that satisfy needs from acertain group of needs cannot satisfy needs fromother groups (need in security cannot be satisfiedby a hamburger, creative needs cannot besatisfied by purchase of trousers). I would like tohighlight that this is true in general – in somespecific cases goods can satisfy different needs.An obvious example is money that can be usedfor purchase of virtually all goods for all types ofneeds. A “Rolls-Royce” is not simply a car (thatsatisfies transport needs) – it can also satisfy one’sneeds in prestige and luxury. But in generaldifferent needs are satisfied by different goods.We can conclude thereof that different needsmake people act differently in order to achievedifferent goals (we can see a clear connectionbetween the axiom 6 and the axiom 7). Indirectindications to this axiom can be found in theliterature.8.   Contributions of all groups of needs (motivationfactors) into total motivation are described by thesame mathematical functions (I could have saidinstead that the psychological mechanism ofcorrelation between a need and the motivation isthe same for all types of needs). We can drawthis conclusion from the fact that no motivationtheories – either content or process – supposesa specificity of any group of needs, motivationmechanisms are described the same way for allgroups of needs. This axiom is proposed here forthe first time.9.  There are no universal constants describingmotivation, that is, we cannot calculate motivationtheoretically, not using empirical data. Thisstatement is made here for the first time.
All these principles should be respected in a theory ofmotivation. If we do not take into account any one ofthem, the theory will be over-simplistic or simplyincorrect.

MATHEMATICAL MODEL OF WORK
MOTIVATION

A practical model of motivation should:-    Give a correct description of group of needs(motivation factors) determining humanbehaviour;-    Explain (adequately enough) the mechanism ofcorrelation between motivation factors and human
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behaviour (that is, explain the formation ofmotivation);-       Give a quantitative evaluation of human motivation;-    Provide a correlation between an employee’smotivation and an employee’s productivity.
From the mathematical point of view it is necessaryto build up a model of motivation that should be asgeneral as possible, not limited by specificcharacteristics of employees interviewed and thatcould be easily adapted to a concrete situation. Thus,let us suppose that human needs are divided into Ngroups – but not specifying what criteria we use tomake this division (it is obvious that according to ourgoals and depending on the concrete situation needscan be divided in groups in different ways).
The contradiction between the practical requirementto provide descriptions of groups of needs and ofmechanism of their influence on human motivationand the mathematical decision not to specify numberof groups of needs and criteria used for subdivision(this decision is due to the necessity to make ourtheory as general as possible) – this contradiction inreality does not exist. It can be easily solved thanksto the following conclusions: a company may andshould divide needs into groups according to its goals(I will propose below my own scheme of possibledivision), and, according to the axiom 8 above, themechanism of influence of needs on human behaviouris the same, therefore, we can describe themechanism for any group of needs using mathematicaltools and then we will simply apply this model to othergroups of needs).
Representing motivation as a vector in the space
of needs
If we use a physical analogy, we can describe themotivation as a force that incites people to act in acertain way. Force is physics is a vector and thereforehas not only a quantitative measure but also adirection. We supposed above that a man acts underinfluence of N groups of needs. I will mark the absolutevalue (the intensity of motivation factors) of theseneeds on axes of a Cartesian coordinate system x

1
x

2
x

n
.Each motivation factor will generate a partialmotivation – that is a radius vector of a pointcorresponding to the intensity of a motivation factor.This passage from scalar representation to vector onereflects the fact that different motivation factors makepeople act in different ways (needs of a certain groupcannot be satisfied by goods satisfying needs fromother groups – corollary to axiom 7; vectors of partial

motivation are oriented in different directions). The factthat values of different groups of needs are markedon different axes means that groups of needs areindependent from each other (axiom 7). It’s worthmentioning that  radius vectors of partial motivationlie on positive parts of Cartesian axes, as from theeconomical point of view it is extremely difficult toimagine a person having needs with negative intensity(however, the model does allow introducing suchneeds). The overall motivation is calculated as aresulting vector of these partial motivations – or, inother words, the overall motivation is itself a vectordescribed by a motivation vector. Let’s introduce thefollowing symbols:
m

i
 – value of the i-th motivation factor (ascalar value);

M
i
 – value of the motivation generated bythe i-th motivation factor. Its value is equal to m

i
, but itis a vector;

M –overall value of motivation (resultingmotivation, is also a vector). Its absolute value is equal(in an N-dimension coordinate system):
M =          (1)

The vector formula of the resulting motivation (theformula of the motivation vector) is:
                M =        M

i
                                      (2)

The motivation vector in the chosen coordinate systemis written as M (m
1
, m

2
, …, m

N
).

Interestingly enough, this vector approach seems tonot respect the corollary to the axiom 4: indeed, it isquite easy to imagine a mathematical situation, whenall vectors of partial motivation are different from 0and are oriented in space the way the total motivationis brought to 0.
But this approach just takes into account the absolutevalue of motivation factors (their intensity) – but nottheir importance. In order to introduce their importanceinto the model I will take correction coefficients varyingfrom 0 to 1. The final formula for calculation of absolutevalue of motivation (after introduction of correctioncoefficients) is:
               M = (3)

α
ι
 - coefficients reflecting the importance ofa corresponding group of needs for an employee.
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From the economical point of view the formula 3 ismuch more precise in describing human motivation(as it tales into account the axiom 4), but it does notcorrespond to the mathematical logic of presentingmotivation as a vector in a Cartesian system ofcoordinates. However, this seeming inconsistency canbe easily solved, as intensity of motivation factors canbe marked on axes of a rectilinear – but not Cartesian
– system of coordinates, that is (m

1
, m

2
, …, m

N
). are

rectilinear, but not Cartesian coordinates. The passagefrom rectilinear to Cartesian coordinates is madeaccording to the following formula:
   χ

i
= m

i
 cos ϕ

i
,                                   (4)

x
i
 – the i-th Cartesian coordinate;

m
i
 – the i-th rectilinear coordinate;

φ
I
 – angle between the corresponding axesof the Cartesian and the rectilinear systems ofcoordinates.It is absolutely obvious thereof that

                  α
i
= cos2 ϕ

i
,                                        (5)

The formula 4 takes into account only one projectionof a rectilinear axis – however, in order to bemathematically correct, the formula should includeprojection on all N axes. But this fact does notcontradict the logic of the model, as, supposing thatdifferent groups of needs are independent, we cannotconnect one partial vector with different axes. Thisphenomenon helps to understand the limits of thismodel and to propose ways for its development.
Therefore, all multiplicators from the formula 3 havea clear mathematical, economical and psychologicalmeaning.
This model is developed on a basis of presentationthe motivation as a vector in an N-dimension space.This N-dimension space can be defined as motivationspace (or space of needs) in which the motivationvector lies. The number N corresponds to the numberof groups needs are divided to. This number is definedby researchers’ and managers’ goals and it is possibleto study space with different N while studyingmotivation. It is necessary to mention that the numberof groups of needs and criteria used for division haveno influence on the model structure.
As vectors of partial motivations lies on axes of aCartesian system of coordinate, the absolute value ofthe overall motivation will be inferior to the sum ofvalues of vectors of partial motivation (according to

the formula 3). It reflects the fact that different needslead people to different actions (as reflected bydivergence of vectors of partial motivation), while theoverall motivation is a compromise between differentpartial motivations.
Group motivation and ideal motivation vector
Overall motivation of a group of people (groupmotivation) is equal to the vector sum of motivationsof all members of the group. A company is interestedin having maximum individual and group motivationof its employees. The absolute value will be maximalif all individual motivation vectors lie on the same line.It is possible to check if this condition is respected bycalculating the angle between these vectors. As theircoordinates are known, the angle can be foundthrough their scalar product.
I will below show this calculation for 2 employees, butthis method can be easily generalized for n employees.
M1, M2 – motivation vectors of the first and the secondemployee (their absolute values are M1, M2

respectively). Their coordinates in the N-dimensionCartesian motivation space are:
       M1 ( X

1

1, X
2

1,..., X
N

1)       M2 (X
1

2, X
2

2,..., X
N

2)     (6)
It is important that

        X
i

1   α
i

1 m
i

1, X
i

2   α
i

2 m
i

2,                      (7)
β - angle between motivation vectors:

                      β = arccos                                       (8)

The angle β is a measure of divergence of motivationvectors of different employees, that is, a measure ofqualitative difference of their needs (a measure ofquantitative difference is the difference of theirabsolute values).
In order to effectively manage a group of employeesit is very important to have a good idea about the groupmotivation. Each Cartesian coordinate of the group
motivation vector M

R
is calculated according to thefollowing formula:

         χ
i

M = χ
i

j =      m
i

j cos ϕ
i

j, (9)
K – number of employees in the group.The formula of average motivation:
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                            M =      M
R
                           (10)

The passing from individual and group motivation toaverage motivation is very important: it gives the ma-nager a possibility to evaluate influence of differentchanges of values of motivation factors on motivationof an average employees without diving into analysisof all individual vectors. But this average approachgets closer to the real situation when motivationprofiles of different employees get closer to each other(in other words, when divergence between theirmotivation vectors gets smaller). Motivation profilestands here for a list of intensities and importances ofmotivation factors of an employee.
 It is possible to set up for every position within everydepartment of company an ideal motivation vector,that is, the motivation vector of an ideal employee whocompletely shares the company’s goals, mission andexpectations (importances of motivation factors for thecompany and for this employee are equal) and whois perfectly happy with values of motivation factorsoffered by the company (the intensities are equal too).The Cartesian coordinates of such vector are:

M (α
1

id m
1

id, α
2

id m
2

id,..., α
N

id m
N

id ),              (11)
α

i

id – ideal (perfectly corresponding to thecompany’s expectations) importance of the i-thmotivation factor;
m

i

id – ideal (perfectly corresponding to thecompany’s budget limitations) intensity of the i-thmotivation factor.
The correspondence of motivation vectors of newlyhired employees to the ideal vectors defined for theirpositions will help to ensure the maximal convergencebetween the company’s and the employee’s interestsand to avoid motivation losses during the passing fromindividual motivation to group motivation.
Of course, the full convergence of company’sexpectations and employee’s interests is an utopia,therefore the company should define the maximalacceptable angle β

max
between the motivation vectorof an employee and the ideal motivation vector definedfor his position. After that the company can definedthe corporate solid angle Ω

sol
within wich all employees’motivation vectors should be located and which is

equal to 2β
max

. The ideal motivation vector goesthrough the centre of the N-dimension circlesubtended by this solid angle of the surface of a N-dimension sphere with radius equal to the value ofthe ideal motivation vector. A possible indication for

definition of the angle could be the fact that theemployees’ productivity reaches 100% when theconvergence between their expectations of thecompany and the company expectations of employeesreaches 60%. [Solomanidin, Solomanidina 2005]].
As indicated above, the precise set of groups of needsshould be defined according to the study’s tasks –different goals require different distribution of needs.However, in general it might be logical to divide needsinto 3 major groups: material consumptive (related tosatisfaction of material – physiological and social –needs), non-material consumptive (related with needsin respect, in good relations with colleagues, in goodsocial climate at work) and creative (relative with needto realize one’s potential).
Vector model of work motivation and Vroom’s for-
mula
I noted in the very beginning of this article that it theonly example of application of mathematical tools tomotivation analysis was Vroom’s formula. It would belogical to try to include it in the present model ofmotivation.The proposed model of motivation is a long-termmodel – it is supposed that employees’ motivationprofiles remain unchanged during a relatively longperiod of time. It describes general aspirations of anemployee but provides no information about his/herreaction to a concrete task. However, in practice itmight be important to forecast employee’s behaviournot only in long and middle term, but also in shortterm, even better – in a concrete moment. This goalcould be reached thanks to the notion of instantmotivation that is understood as the probability thatthe employee will perform necessary actions in orderto fulfill the task he/she is in charge of. The formula is:

         Mp=LSCP                             (12)
M

P
 – instant motivation (motivation inprobabilistic form);

L – measure of how the task is hard toperform;
S – self-reliance of the employee, his/herbelief in his/her forces and potential;
C – belief of the employee in justice andhonesty of the person responsible for remuneration(this index is closely related to the degree ofsatisfaction of non-material consumptive needs of thisemployee in this company);
P – probability of the fact that theremuneration will satisfies this employee’s needs
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(depends on how the remuneration offeredcorresponds to importances and intensities of thisemployee’s motivation factors).
It is obvious that the formula 12 is absolutely equivalentto Vroom’s formula indicated in the beginning of thearticle – the only difference is that the index R inVroom’s formula (expectations that the efforts will leadto the necessary results) is decomposed into L and S.

MOTIVATION MANAGEMENT
Traditional approach to motivation managementconsists in modification of intensities of motivationfactors offered by the employer (the employerdecreases or increases the sets of goods transmittedto employees in exchange for their work and satisfyingtheir needs). This approach can me defined asextensive. The approach concentrating on motivationmanagement through modification of importances ofmotivation factors of individual employees can beconsidered intensive.
Decreasing or increasing the set of goods means fora company expenses or economy of a resource R.Intensities of motivation factors can therefore bepresented as functions of this resource (it is veryimportant to remember that the precise description ofthese functions is to be found; it seems to be logical,however, to suppose that due to the specificity ofdifferent types of goods and services satisfyingdifferent categories of human needs the functionslinking resource expenses and intensities of motivationfactors offered by the company will be different fordifferent groups of needs). In order to simplify theanalysis (but without any reduction of generalcharacter of our approach) let’s suppose thatintensities of all motivation factors depend on the sameresources – most probably, on finance. The value ofthe intensity of a given motivation factor does notdepend on the total expenses of this resources – itdepends only on the part of the expenses of thisresources channeled to the modification of theintensity of this precise factor.
It is obvious that the same stipulation applies toimportances of motivation factors as work withpersonnel requires resource expenses.
It means that from the point of view of financial andproduction management all tasks of motivationmanagement could be described as optimizationproblems dealing with maximization of effectivenessof resources assigned to modify employees’ salary

and fringe benefits. In order to spare place in thejournal I will study below the problems of managementof intensities of motivation factors. However, as I statedabove the same reasoning is true for importances.
There are three such problems:
1.      There is an amount of the resource R, that shouldbe used to modify motivation factors so that themotivation increase be maximal. The inversetask: we have to reduce the amount of theresource R used for motivation so that themotivation decrease be minimal.
δR=const,δM=  α

i

2m
i

2 (R
i0

+δR
i
) -       α

i

2m
i

2 (R
i0
)   max     (15)

2.    It is necessary to increase the motivation M by
δM so that the expenses of the resource R beminimal (the inverse task – to reduce themotivation by a defined value so that theeconomy of the resource R be maximal):

δM=     α
i

2m
i

2 (R
i0

+δR
i
) -         α

i

2m
i

2 (R
i0
)=const,δR   min   (16)

3.       Replace one motivation factor by another ensuringthat the motivation remains unchanged and sothat the economical effect of this replacement        be maximal (economy of a resource R):
                            M

0
=       α

i
m

i

2

M
1
=  α

i
(m

io
+δm

i
)2=M

0
, m

i
= m

i

 (R),δR max          (17)
A good sample of such replacement could benumerous construction and industrial projects carriedout by Soviet workers before the WWII: their salarywas very low, but their enthusiasm was high and theywere proud to participate in the building of acommunist society (in other words, non-materialconsumptive needs replaces material consumptiveones).
The third problem is worth being studied separately.First of all, it should be mentioned that it could begeneralized:  it might be necessary not to maximizethe economic effect but simply to calculate it in casethe company has to change dramatically its motivationscheme. But it is not the most important thing: theproblem is that the task 3 contradicts the axiom 7 aboutthe independence of groups of motivation factors.
This paradox can be easily solved if we realize that
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the third task is not completely correct. Indeed, thereplacement of motivation factors is possible in 2 ca-ses only: if the modification of their respectiveimportances is relatively small or if their importanceschange simultaneously with the change of intensities.In the sample above – the momentary materialprosperity was considered by Soviet workers as lessimportant compared to the participation in the buil-ding of the Communist future. If we take out a set ofgoods from the compensation package of anemployee and replace it with a different set of goods(for completely different groups of needs), the valueof motivation offered by the company will remainunchanged, but the orientation of the motivation vectorwill change dramatically compared to the orientationof the motivation vector of this employee. Theemployee will accept it if this difference in orientationis small (that is, if the changes of intensities of thesemotivation factors is small) or provided that theimportances of these motivation factors are changedaccordingly.
RESOURCES, INTENSITIES OF MOTIVATION

FACTORS AND PRODUCTIVITY
However, the formulas presented in the part 4 of thisarticle have a very limited value: they do not tellanything about the correlation between resourcesexpenses and the intensity of motivation factors, theysimply suppose that such a correlation exists.Obviously, this is not enough for practical purposes –a manager has to know how to spend money in orderto get the maximal effect.
We may cautiously suppose that the money paid toan employee (as salary and fringe benefits) can beconsidered as a stimulus. Thus, the quantity of moneyis the physical magnitude of this stimulus, and theintensity  the motivation factor this money is spent foris therefore the perceived intensity of this stimulus.This analogy has to be empirically and statisticallyproved but is seems to be logical.
So we can use Weber-Fechner law [Javorskij, D’etlaf1979; Weber-Fechner law] to establish a connectionbetween the resources spent and the intensity of amotivation factor:                                  m

i 
= Z ln R

i
,  (18)

m
i
 – intensity of a motivation factor;

Z – a coefficient depending on the way themoney is used (and finally – on the manager’squalification) and individual psychological propertiesand features of the employee;

R
i
 – quantity of resources (in most cases –money) spent to modify the intensity of the i-thmotivation factor coefficient used to transform thelogarithm of motivation into motivation feeling.

Most probably Z depends on the time – the employeesimply gets used to his/her salary and its psychologicalvalue decreases. So in full analogy with extinctionprocesses, the function Z (t) will be exponentialasymptotic (due to the fact that the employee getsaccustomed o the constant values of intensities ofmotivation factors offered by the company and thenatural change of his/her priorities over the time, thatis, dur to the growth of divergence of his/her andcompany’s interests):
                              Z(t) = Z

0
e-Yt                     (19)

Z
0
 – value of the multiplicator Z in themoment t=0;

Y – a constant of weakening of perception(its mathematical meaning – it is the inverse value tothe period of time during which the multiplicator Z*decreases by e times).
Finally, we have to propose a connection betweenmotivation level M and the productivity level P. Indeed,the motivation itself is not very important for a mana-ger – (s)he is interested in maximal productivity, andthe motivation is just a tool to reach this goal. I believethat it would be difficult to establish a direct correlationbetween the motivation and the productivity, however,there should be a clear connection between themotivation and the intensity of work. It would be logicalto suppose that the more the person is motivated themore intensively (s)he works, so we may cautiouslymake the following assumption:

               I = qM,   (20)
I – intensity of work;
M – total motivation;
q – a coefficient depending on thepsychological and physiological aspects of theemployee.

This assumption has also to be proved empirically.
SCALES FOR IMPORTANCES AND INTENSITIES
In order to give a quantitative evaluation of differentgroups of motivation factors and to ensure therecomparison it would be logical to use special scalesin which motivation factors are measured by experts’
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evaluation and weighing. These scales are not uni-versal.
Importances of motivation factors can be measuredthrough psychological tests and interviews in order todefine employees’ priorities. The recommended scalefor importance is from 0 to 1.
Intensities of motivation factors can be measured ona scale from 0 to 100. In case of material consumptivefactors (that are directly measured as the employee’swages) 0 is equal to zero wage, 100 – maximal wageexisting within this company.
Calculation of intensities of non-material consumptiveand creative groups requires clear definition of thestructure of these groups. As soon as the precise listof needs composing each of these 2 groups is defined,each need gets a weight and then the degree ofsatisfaction of every need is measured from 0 to 100(via interviews). After that the average weighedsatisfaction of the corresponding group is calculated,and this average satisfaction represents the intensityof the corresponding motivation factor offered by thecompany. The respective formula is as follows:
                   m=              ,

where
m – intensity of the motivation factor;
n – number of sub-needs;
ψ- weight of the corresponding sub-need;
µ - intensity of the corresponding sub-need.

CONCLUSION
This mathematical model of motivation is consistentand may provide HR professionals with a reliable toolfor calculation and forecasts of motivation level (bothindividual and group). Of course, additional empiricalresearches are necessary in order to check all aspectsof this model, but we may hope that eventually it willbe possible to transform this model into an HR soft-ware.
The key advantage of the present model of motivationis that it builds up a bridge between content andprocess theories as it provides a link between needsas main reasons of human behaviour (as stated incontent models) and the internal psychologicalprocess of motivation (vector model). In addition, itgives tools for quantitative estimation of humanmotivation.

This model can also be easily developed further if wereplace some axioms. Indeed, the axiom 7 seems tobe over-simplistic, so we may replace it by thefollowing statements:• Different motivation factors may influenceeach other (change in intensity and/or importance ofa given group of motivation factors may lead to achange in intensity and/or importance of other groupsof motivation factors) or – the same goods can satisfydifferent groups of needs.• These restatements of axiom are especiallyimportant in order to generalize this model and tobuild up a theory of consumer’s motivation. Thisdevelopment will be described in the next article.
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