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Abstract

This work introduces a new methodology where the fractal parameters; fractal dimension (dmf) and connectivity index 
(θ) can be computed by the analysis of petrophysical and pressure transient data. This methodology identifies, validates 
and analyzes naturally fractured reservoirs (NFR) with non-Euclidean geometry and no matrix participation; the fractal 
parameters (d

mf
 and θ) are calculated by the application of the derivative technique on well pressure transient response, 

and by the application of the rescaled range analysis based on well logs data. Additionally, the permeability and skin 
factor are computed based on the two equations proposed.

The practical application of this methodology is illustrated through the reliable results obtained from two field cases, 
where the fracture density (dmf) and the connectivity of the fractures network (θ) were quantitative measured. This study 
shows that these fractal parameters play an important role on production performance.

Currently, the fractal parameters can be obtained by analyzing only pseudo stationary flow from pressure response, in 
field cases few well tests are run long enough in time to identify it. Likewise, the methodology introduced in this work 
allows to compute the fractal parameters by only analyzing the transient pressure response and petrophysical data, 
obtaining reliable estimations to support activities to reduce the uncertainty in the development of the field.

Keywords: Fractal parameters, petrophysical data, transient data, naturally fractured deposits.

Metodología para la obtención de parámetros fractales usando datos 
petrofísicos y datos de transientes de presión para 

yacimientos naturalmente fracturados

Resumen

Este trabajo introduce una nueva metodología donde los parámetros fractales; la dimensión fractal (dmf) y el índice de 
conectividad (θ) se pueden calcular mediante el análisis de datos petrofísicos y de transientes de presión. Esta metodología 
identifica, valida y analiza YNF sin participación de matriz; los parámetros fractales (dmf y θ) se calculan mediante la 

Artículo arbitrado
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aplicación de la técnica derivada en la respuesta de transiente de presión del pozo y por la aplicación del análisis de rango 
re-escalado basado en datos de registros de pozos.

La aplicación práctica de esta metodología se demuestra a través de los resultados obtenidos de un caso de campo en 
el que se midió cuantitativamente la densidad de fractura (dmf) y la conectividad entre las fracturas (θ). Este estudio 
muestra que estos parámetros fractales desempeñan un papel importante en el comportamiento de la producción.

En la actualidad, los parámetros fractales pueden obtenerse analizando únicamente el flujo pseudo estacionario a partir 
de la respuesta de presión de fondo. En casos de campo, pocas pruebas de pozo son lo suficientemente largas como para 
identificar este periodo de flujo. Asimismo, la metodología introducida en este trabajo permite calcular los parámetros 
fractales analizando únicamente la respuesta del transiente de presión y datos petrofísicos, obteniendo resultados 
confiables para que puedan reducir la incertidumbre en el desarrollo de un campo.

Palabras clave: Parámetros fractales, datos petrofísicos, datos de transientes, yacimientos naturalmente fracturados.

Introduction

Chang and Yortsos (1990), Olarewaju (1996), Beier (1994) 
and Camacho (2001) have applied fractal models to pressure 
transient responses of naturally fractured reservoirs, where 
the main premise is that different scales, poor fracture 
connectivity and disorderly spatial distribution are present 
in the reservoir and a fractal fracture network is embedded 
in an Euclidean matrix, Figure 1. The Bourdet derivative 
technique is the best tool to identify fractal behavior, where 

the well bore pressure is a power law function of time and 
the spectral dimension can be calculated. This parameter 
is a function of two fractal parameters: fractal dimension 
(dmf ) and connectivity index (θ ). The pressure transient 
responses of such models using the Bourdet derivative on 
a log log plot are two parallel straight lines, one for the 
pressure change and another for the pressure derivative, 
with the same slope; the slope value may be an indication 
of the fractal flow behavior.

Figure 1. Fractal model description by Chang and Yortsos, (1990).

Fractals are geometric objects that remain statistically 
invariant upon a change of scale. A basic characteristic of 
fractal objects is that many of their properties, defined 
as volume averages over a region of scale (r), are scale 
dependent and statistically vary with a power law behavior. 
In Figure 2 there are three fracture network examples, 
where the network 2a corresponds to a single fracture 
only, the mass of a fracture network (one fracture), with a 

dmf =1 and d=2, where dmf is the mass fractal dimension and 
d is the Euclidean dimension (embedding dimension), the 
network 2b due to its fractal structure, it has a power law 
behavior but now with a higher fracture density, 1<dmf<2, 
finally the network 2c which is the more traditional 
network, which has a constant fracture density with a dmf 
=d=2. This network represents the typical Warren and 
Root double porosity model.
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Figure 2. Networks in a 2D embedding medium d=2. a) dmf =1 (Euclidean),b ) 1< dmf <2 (Fractal), and c) dmf =2 (Euclidean) by 
Chang and Yortsos (1990).

1) Fractal parameters

The mass fractal dimension parameter (dmf ) gives information 
related to the fracture density in a porous medium; Figure 3 

shows three examples of 2D synthetic fractal networks with 
different fractal dimensions; as dmf  increases the fracture 
density increases and viceversa.

Figure 3. Fractal networks in 2D with different fractal dimensions by Acuña and Yortsos, (1995)2.

The exponent θ (connectivity index) is related to diffusion 
or conduction. This parameter is related to the spectral 
exponent. The spectral dimension δ carries information 
about a mass fractal dimension and the connectivity 
index. This parameter is defined by applying the derivative 
technique; by analyzing the pressure transient flow response, 
the spectral dimension can be calculated. The parameter dmf 
and θ cannot be calculated by the current methodologies by 
only analyzing the transient pressure responses, unless an 
optimization algorithm is used for this purpose or it is used 

an approximate analysis like that shown by R. Posadas and 
R. Camacho (2016).

The spectral dimension defines the type of flow behavior 
based on:

a)	 If the value of the spectral dimension (δ) is < lower than 
1, then the expected value of dmf is < lower than 2, it 
indicates that flow behavior is between linear and radial.
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This expression suggests that the log log plots of pressure and derivative vs time will appear as two straight parallel lines. The 
pressure derivative vs time in a log-log plot will be a straight line, with a positive slope, Figure 4. The spectral dimension is 
calculated from the following equation.

δ=1-m          (1)

Figure 4. Log–log plot, typical fractal behavior when δ < 1.

2) Methodology proposed

2.1) Validation of a fractal behavior

In order to validate a fractal behavior, the semi-logarithmic 
derivative technique is applied. The following characteristics 
must be considered:

•	 Storage and production time effects before a buildup 
test, mainly because both tend to mask the reservoir 
behavior, i.e. power law behavior, (fractal geometry).

•	 The slopes measured from a buildup or drawdown 
test in a log-log (Log ∆p, Log t ∆p’ vs Log time) have 
to be the same for both pressure and pressure 
derivative. This behavior must remain more than ½ 
cycle in the log-log plot in order to be significant.

•	 Compare the value obtained from the difference 
between pressure and the pressure derivative data 
at a defined time from a log log plot Figure 4 vs the 
difference calculated from the equation log (1/m), 
where m is the value of the slope; both values have 
to be similar.

2.2) Calculation of the spectral dimension (δ) from pressure 
transient test.

After of the validation of the fractal behavior, the spectral 
dimension can be calculated by the equation 1, if the value 
of δ is less than 1, then the expected value of dmf is going 
to be less than 2 indicating that flow behavior intermediate 
is between linear and radial, at this moment only the value 
of spectral dimension is calculated, Figure 4.
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2.3) Calculation of the fractal dimension (dmf) based on 
petrophysical data.

2.3.1) Introduction

A Rescaled range analysis (R/S) was invented by Hurst 
(1880-1978) by quantifying the long term discharge 
variations of the River Nile (1965), defining the Hurst 
exponent which is used as a measure of long term 
memory of time series in a fractal analysis. The Hurst 
exponent is denoted by (H), which is related to the fractal 
dimension. For a geological analysis where no theoretic 

fractal dimension is available, it is normally estimated 
from known samples by different approaches, such as a 
spectral density analysis and rescaled range (R/S). Hewett 
(1986) observed that the scaling relations of the spatial 
correlation in fractal distributions can be determined from 
the asymptotic behavior of the rescaled range (R/S), in 
conjunction with other tools of geostatistics 36.

Later, the method was proved resulting in an efficient 
technique for analyzing one dimensional fractal variables 
(Mandelbrot and Van Ness, 1968; Mandelbrot and Wallis, 
1968, 1969).

Mandelbrot and Wallis (1969) and Feder (1988) established Equations 2, 3 and 4 to obtain the fractal dimension of a given 
sequence 16. For a determined one-dimensional process, Z (t) corresponds to the wire line log curve and the partial sample 
sequential range R (t, n) of Z (t).

(2)

Where u is a discrete integer –value, a sample number corresponding to depth for wire line log readings (equivalent to time 
in a time series application); n is the time-span considered indicating the sequence interval or the number of data points 
(n+1) of the calculated range; and t is the start point (first sample number) of the samples used for calculation. The ranges of 
different processes, R (t, n) must be compared; the sample variance S 2 is defined in Equation 3 24.

(3)

A process is considered to be fractal when the log-log plot of R/S versus the number of ranges shows an aligned straight line. 
The slope of this line is called the Hurst exponent (H), Figure 5, which is related to the local fractal dimension dmf , Equation 4.

dmf =2-H . (4)

Figure 5. Example of R/S analysis, log-log plot.
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2.3.2) Methodology to calculate the fractal dimension, 
(dmf).

2.3.2.1) Considerations

Data from wire line logs must correspond to reservoir 
section. The logs more suitable for this analysis can be 
sonic, gamma ray and neutron logs, because they give us 
information about lithology. If the reservoir has several 
formations, it is important to do the analysis for each 
formation separately.

According to Mandelbrot and Wallis (1969) and Feder 
(1988), the sample set must be greater than 1000 points 
in order to get a reliable Hurst exponent (H<1) and get a 
reliable analysis. On the other hand if H is greater than 1, it 
means that there are not enough data sets, resulting in an 
unreliable value of H 24,36.

2.3.2.2) Methodology

The following proposed methodology explains step by 
step how to obtain the fractal dimension from the Hurst 
exponent.

a) Estimation of H:

1.	 Select the petrophysical data to analyze from well logs responses.

2.	 Define the range of data sets because the rescaled range is based on multiple ranges of data.

3.	 Calculate the mean for each range and for the total data.

(5)

where:

s = series of data
n = the size of the range for which the mean is calculated
X = the value of one element in the range selected

4.	 Create a series of deviations for each range. This creates another series of data using the mean of each range.

(6)

where:

Y = the new time series adjusted for deviations from the mean
X = the value of one element in the range selected
m = the mean for the range calculated previously
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5.	 Create a series, considering the total of deviations from the mean in order to get a series of deviations from the mean for 
each range.

(7)

where:

y = total of the deviations from the mean for each series
Y = the series adjusted for deviations from the mean

6.	 Calculate the widest difference in the series of deviations. Find both the maximum and minimum values in the series 
of deviations for each range. Take the difference between the maximum and minimum in order to calculate the widest 
difference.

 

(8)

where:

R = the widest spread in each range
Y = the value of one element in the “deviations from the mean” range

7.	 Calculate the standard deviation (S) for each range. There will be a standard deviation calculation for each range and 
for the total set of data.

(9)

8.	 Calculate the rescaled range (R/S) for each one. This 
step creates a new measure for each range in the time 
series that shows how wide the range is measured in 
standard deviations by dividing the value obtained in 
step 6 (R) by the standard deviation for each range 
(S) in step 7.

9.	 Build a table with the numbers of ranges defined and 
the values of R/S calculated for each range.

10.	 Plot the R/S vs n (number or ranges) in a log-log 
plot. The slope calculated from this plot is the Hurst 
exponent.

11.	 The mass fractal dimension (dmf ) is calculated by 
Equation 4. 

2.3.3) Methodology to calculate the connectivity index (θ).

The exponent θ (connectivity index) which is related to the 
connectivity between fractures; if θ= 0 it means that all the 
fracture network is connected (Euclidean case), if θ >0 it 
means that the connectivity among fractures is decreasing, 
(fractal case), until it reaches a value of 1, which means a 
disconnected fracture network.
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Finally the fractal parameter θ can be calculated by the following equation:

δ= (dmf) / (2+θ). (10)

where:

δ is the spectral dimension, (obtained from pressure transient test)
dmf is the fractal dimension, (obtained from statistical analysis based on petrophysical data)

2.3.4) Calculation of permeability (kw) and skin factor (s) for fractal reservoirs

The calculations of the permeability (kw ) and the skin factor (s) are very important because they indicate if a reservoir requires 
activities such as: minor or major workovers, stimulations, and fracturing, in order to increase the oil and gas production 
of the oilfield. To compute the permeability and skin factor for fractal reservoirs, the fractal parameters such as fractal 
dimension (dmf ) and connectivity index (θ) must have to be considered. This is the reason for developing a methodology 
to compute them. The two equations proposed were based on the equation 11 from the paper SPE 7159121, for an infinite 
fractal reservoir without matrix fracture transfer.

(11)

For this analysis the variable skin factor (s) was added, modifying the original equation 11, obtaining the following equation:

(12)

Equation 12 is given in dimensionless variables and the behavior of this equation depends on whether v > 0 or v < 0, where v 
is given by Equation 15. The first case considers dm f <2, resulting in a log-log plot of pressure and pressure derivative versus 
time in two parallel straight lines with positive slope.

where:

(13)

(14)

(15)

(16)
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dmf : Fractal dimension

θ:    connectivity index

Ґ:    gamma function

s:    skin factor

kw:  permeability (md)

t:    time (hours)

∆p: pressure drop (psi)

ϕw:  Porosity (fraction), from core analysis

µ:    viscosity (cp)

rw:   well radius (ft)

ct:    Total compressibility (psi-1)

B:    oil formation factor (RB/STB)

q:    oil flow rate (STB/D)

h:    formation thickness (ft)

Substituting Equations 13 and 14 in Equation 12, Equation 17 was obtained:

(17)

From Equation 17; ∆p for fractal reservoirs was defined by the following equation:

(18)

From Equation 18, the slope is defined by the following equations.

(19)

(20)

(21)

Finally from Equation 21, the proposed equation to compute kw was defined:

(22)
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From Equation 22 the permeability can be obtained; 
however, in order to apply it, the slope (m) must be known. 
For this the following procedure was proposed:

•	 From buildup test data calculate ∆p (psi)

•	 From Equation 15,n is calculated

•	 From buildup test data calculate the timev;

•	 Build a Cartesian plot (∆p vs timev) from the buildup 
test,

•	 The straight line identified in the Cartesian plot is the 
slope (m) in              .

In order to compute the skin factor, Equation 18 was considered, leading to Equation 4-18.

(23)

Then intercept (b) was defined by the following equation:

(24)

Where b=∆p (psi); Figure 6

Finally, from Equation 24, the following equation was defined:

(25)

3) Validation of methodology, (field cases)

The idea of this research started in 2013, when two buildup 
tests from NFRs of the southwest of Mexico, showed a 
possible fractal behavior in a log log plot of pressure and 
pressure derivative versus time. The necessity to establish 

a methodology in order to analyze this type of behavior 
was identified. These two cases were analyzed using the 
methodology explained previously: first, the validation of a 
fractal behavior; second, obtaining the fractal parameters; 
finally, identifying how these parameters influence the rate 
flow production of the field.

Figure 6. ∆p vs timev, Cartesian plot.
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3.1) Field case, (reservoir S)

A combined analysis of well testing and production data 
for a well producing in a field located in the southwest 
region of Mexico is presented in this section to explain the 
methodology proposed.

“S” is a black oil reservoir, at an average depth of 3,600 
meters, complex NFR. The formation was deposited during 
the Upper Cretaceous. Detailed geological data has defined 
an average porosity of 9%. Recent well tests and well-logging 

studies have estimated an average permeability value of 9 
md, for those wells which have Euclidean geometry. The 
reservoir S has nine oil producer wells, 3 wells produced 
from the formation Maastrichtian Upper Cretaceous, and 6 
wells produced from the Maastrichtian Upper Cretaceous, 
Figure 7. The matrix in this field is compact, and does not 
participate in the hydrocarbon production, and therefore, 
a single porosity analysis was applied. The analysis of this 
research is based on the wells from the Campaniano Upper 
Cretaceous, only one well (S-316) showed fractal behavior 
and the other 5 wells showed Euclidean geometry.

Figure 7. Reservoir S, (contour map from the formation Upper Cretaceous).

Only four wells have buildup tests (S-302, S-304, S-314, and S-316). Three of these tests were analyzed using the semi 
logarithmic derivative technique, see Figure 8. The results obtained from the wells with Euclidean geometry are shown in 
Table 1.

Figure 8. Log log plots of pressure and pressure derivative versus time. (Well from Field S- Campaniano Upper Cretaceous).
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Table 1. Well tests analysis results from wells with Euclidean geometry.

Well K (md) kh
(md/ft)

s
(skin 

factor)
Model

S-302 17.6 4044 -3.7

Radial 
homogeneousS-304 4.6 921 0.05

S-314 19.8 9422 -1.6

Well S-316

Validation of fractal behavior:

According to the proposed methodology, the first step was to identify the fractal behavior. Table 2 shows the input data for 
well S-316.

Table 2. Input data, well S-316.

Well S-316

h 650 ft

Ct 4.5 exp-5 PSI -1

Oil rate 856 stb/d

rw 0.27 ft

API 30

µ 0.8 cp

Bo 1.6 m3/m3

Production time before 
build up test 320 hours

The semi logarithmic derivative technique was applied in 
order to identify the fractal behavior, Figure 9. First, it is 
important to identify the period of time in the buildup test 
without production effects. For this well the production 
time before the buildup test was 320 hours. This means 
that only the first 32 hours from the buildup test are a 
reliable reservoir response, without production time 
effects. Second, the validation of the fractal behavior 

is based on the slopes measured in the log log plot of 
pressure and pressure derivative versus time, Figure 9. 
Both of these slopes must be the same. This behavior must 
remain for more than at least ½ cycle in the log log plot. 
Third, we compare the difference between pressure and 
pressure derivative at defined times from the log–log plot 
vs the value calculated from the equation: (1/m). Both of 
these must be similar, Table 3.
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Figure 9. Log log plot of pressure and pressure derivative versus time, (Well S-316).

Table 3. Results (validation of fractal behavior).

m1 0.46

m2 0.46

Log (1/m) 0.34
pressure - pressure 
derivative @ 1 hour

0.33

Conclusion Fractal geometry

Determination of fractal parameters:

Once the fractal behavior was validated, the second step 
was to calculate the fractal parameters: spectral dimension 

(δ), fractal dimension (dmf  ) and the connectivity index (θ). 
First, from the well pressure transient response the spectral 
dimension was calculated, obtaining the following results, 
Table 4.

Table 4. Results from pressure transient response.

δ
(spectral dimension) 0.54

 Case δ < 1: dmf < 2 (flow behavior intermediate 
between linear and radial).
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Table 4. Ranges for R/S analysis.

R/S (number of range)

12.8 1

45 2

92.7 3

92.5 4

130.7 5

According to the spectral dimension value, the expected 
fractal dimension for this case must be less than 2 and the 
flow regime present in the reservoir is between linear and 
radial flow. Then according to the methodology proposed 
in this research, the next step is to apply the rescaled 
range analysis based on wireline log responses, in order 
to calculate the fractal dimension, and consequently the 
connectivity index.

Rescaled range analysis:

First, this analysis was based on the sonic well log responses 
from the Upper Cretaceous formation, and approximately 
1,100 data points were considered. The data was divided 
in 5 ranges, Table 4, where the statistical analysis was 
applied (mean and standard deviation) in order to obtain 
the relationship, (R/S).

Second, based on the information showed in Table 4 the 
calculation of the Hurst exponent was based on a log log 

plot (R/S vs n). The slope defined was based on the 
data related to the reservoir zone; in this case Upper 
Cretaceous formation. The slope is called the Hurst 
exponent, Figure 10. Third, the fractal dimension and 
connectivity index (θ) were computed based on the 
methodology proposed; see Table 5 for results. In 
conclusion, the assumption defined by the calculation 
of the spectral dimension (δ) from pressure transient 
response, where dmf is less than 2, was validated. As 
mentioned before, dmf indicates the fracture density 
present in the reservoir. To understand the value of dmf 
=1.14, the fractal network in 2D proposed by Acuna 
and Yortsos (1995) was used. The lowest value of dmf 
was 1.47. Therefore, the fracture density is poor, lower 
than the worst case presented by Acuna and Yortsos, 
(Figure 3). According to the value calculated of dmf for 
well S-316, the fracture density is really low. Second, 
the connectivity index is slightly greater than 0 (θ=0.11), 
which indicates that the fractures are reasonably well 
connected. Finally, the next step is to evaluate the effect 
of these parameters on production decline.

Figure 10. Log log plot; R/S versus the number of ranges, (Well S-316).
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Table 5. Results.

Hurst exponent (H) 0.86

dmf 1.14

θ 0.11

Effect of fractal parameters on production decline

In order to evaluate the effects of fractal parameters on oil 
rate behavior in well S-316, it was necessary to compare 
the oil rate from Euclidean geometry wells vs well S-316 
with fractal geometry from Campaniano Upper Cretaceous 
formation, based on a normalized semilog plot (q /∆p (BPD/

PSI) vs time (hours), Figure 11. As expected, the flow rate 
from the fractal case (well S-316) is smaller than in the 
Euclidean cases (Wells 334,306,304,314 and 302), in which 
the diffusion is faster because the fracture density is uniform 
and all the fractures are connected. On the other hand in 
the fractal case the oil is produced from finite connected 
clusters only in a poor fracture density medium.

Figure 11. Normalized semi log plot (q/∆p (BPD/PSI) vs time, (hours).

Conclusions

This study contains details of analyzing NFR with fractal 
geometry and without matrix participation. Two field cases 
were analyzed with the methodology proposed. The study 
leads to the following conclusions and recommendations:

•	 Methodology to identify and analyze NFR with fractal 
geometry with no matrix participation was defined 

and equations to compute kw and s for NFR with 
fractal geometry were obtained.

•	 For these types of reservoirs the fracture density and 
connectivity between fractures play an important 
role in production performance.

•	 If these reservoirs are still treating as reservoirs 
with Euclidean geometry; a wrong understanding 
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of the fracture density and their connectivity would 
be obtained, resulting in: unproductive wells, very 
optimistic production forecast, inefficient primary, 
secondary and enhanced oil recovery methods.

•	 It is recommended to apply the same methodology in 
NFR with matrix participation and then evaluate the 
effects of matrix – fracture coefficients and fractal 
parameters on the production performance.

•	 It is also highly recommended to consider the fractal 
parameters in reservoir simulation models in order 
to compute realistic production forecasts, and then 
establish the best strategy to increase the oil and gas 
recovery factors.
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